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Abstract--This is a study of global stability of a competition model governed by difference qua- 
tions. It is shown that positive equilibrium of the model is globally stable if the competition matrix 
is diagonally dominant and the constants defining the intraspecific competition are less than or equal 
to 1. In the two-dimensional case, a different ype of sufficient conditions for the global stability 
is established which relaxes the restriction on the constants defining the intraspecific ompetition. 
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1. INTRODUCTION 
Asymptotic behavior of discrete population models has been studied in many papers (for example, 
see [1-3]). Most of them consider bifurcation phenomena orthe existence of strange attractors (for 
example, see [1-3]). Franke and Yakubu in [4-7] obtained exclusion principles for discrete-time 
models. The studies in/8-11] are concerned with the global stability of single species discrete-time 
models. However, studies of global stability of discrete-time multispecies population models are 
quite few. In [12] and [13], we obtained sufficient conditions for the global stability of difference 
population models of Volterra type. The results in [12] and [13] state that the models are globally 
stable if they are diagonally dominant, strongly persistent, and growth rates are small, 
Hassell and Comins [14] proposed the following important competition model which has been 
widely used by ecologists: 
x~(n + 1) = X~z~(n) b,, i = 1 , . . . ,  m, (1.1) [l +j~=laijxj(n) ] 
where xi(n) represents the density of species i at r~ th generation, Ai > 0 is the finite rate of 
increase of species i, aij are positive constants defining the strength of the density dependent 
competition, and bi is the positive constant defining the intraspecific ompetition. In the case 
where m = 2, local stability analysis of positive equilibrium was examined in [14], and chaotic 
behavior was studied by Rogers in [3], but global stability was untouched there. In a two-species 
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discrete competition model where the growth functions are the combination of Volterra type 
and Hassell type, Franke and Yakubu [5] established that if the species with the rational growth 
function "weakly dominates" the species with the exponential growth function, then the latter 
becomes extinct. It was also shown in [5] that coexistence is possible if the species with the 
exponential growth function "weakly dominates" the species with rational growth function. 
In this paper, we study the coexistence of species governed by (1.1). We will show that the 
positive equilibrium of (1.1) is globally stable if the competition matrix is diagonally dominant 
and the constants defining the intraspecific ompetition are less than or equal to 1. In order to 
relax the restriction on the constants defining the intraspecific ompetition, we also impose more 
restriction on the competition matrix so that the positive equilibrium of (1.1) is globally stable 
in the two-dimensional case. 
2. MAIN  RESULTS 
The purpose of this section is to present sufficient conditions that ensure global stability of the 
positive equilibrium of (1.1). Let us begin with the following equation: 
z(n + 1) = ),x(n) (1 + (2.1) 
It is evident hat its nonzero steady state is given by x* = ()~I/e _ 1) /a which is positive provided 
that A > 1. Hassell [14] showed that this steady state is locally stable provided 
o = e (1 - < (2.2) 
Cull [10] proved that this condition is also sufficient for the global stability of the positive equi- 
librium. These results are summarized in the following lemma. 
LEMMA 2.1. The positive equilibrium of (2.1) is globally stable if (2.2) holds and A > 1. 
Let us consider 
x(n + 1) = f(n,x(n)) (2.3) 
The following lemma is evident. 
and 
x (n+l )  =g(n,x(n)). (2.4) 
LEMMA 2.2. Suppose that f : N x [0, +c~) -+ [0, +c~) and g : N x [0, +c¢) --+ [0, +co) with 
f(n, x) <_ g(n, x) (f(n, x) >_ g(n, x)) for n 6 N and x 6 [0, c~), where N is the set of integers. 
Assume that g(n,x) is nondecreasing with respect to argument x. If {x(n)} and. {u(n)} are 
solutions of (2.3) and (2.4), respectively, and x(O) < u(0)(x(0) _> u(0)), then we have 
x(n) <_ u(n), (x(n) >_ u(n)), for all n > O. 
Let us turn to (1.1). We wish to obtain sufficient conditions that ensure the global stability of 
the positive equilibrium of (1.1). We make the following assumptions on (1.1). 
HYPOTHESIS (H1). A~ > 1 for i = 1, . . . ,  m. 
HYPOTHESIS (H2). bl < 1 for i = 1, . . . ,  m. 
Hypothesis (H1) is necessary for the existence of positive equilibrium in (1.1). It states that 
each species survives in the absence of the other species. Hypothesis (H2) imposes an upper 
bound on the constants defining the intraspecific ompetition. This seems reasonable because 
large b~ implies that the equilibrium is unstable or leads to the existence of a strange attractor 
in lower dimension [3]. 
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Let ((xl(n),.. .  ,xm(n))) be a positive solution of (1.1) which is chosen in an arbitrary way. 
Notice that 
xi(n ÷ 1) Aixi(n) 
(1 + aiixi(u)) hi" 
We are motivated to consider the following equation: 
xi(n + 1) - Aizi(n) 
(1 ÷ aiixi(n)) b'" (2.5) 
Set 
o (A~/b'- 1) 
V i 
aii 
0 of (2.5) is globally stable. By (H1), (H2), and Lemma 2.1, we see that the positive steady state v i 
Then Lemma 2.2 implies the solution {(xl (n) , . . . ,  Xm(n))) satisfies 
xi(n) < v ° + e, for all large n, 
where e > 0 is arbitrarily fixed. As a consequence, we have 
x~(n + 1) > 
1+ a~,x,(n) + Z a,j (vO +~ 
j= l , j¢~ 
for all large n. 
We need the following additional hypothesis for system (1.1). 
HYPOTHESIS (Ha). 
j=l,j#i 
bi ' 
for i -- 1,. . . ,m. 
This hypothesis means that the following competition matrix 
I a l l  a12 
a21 a22 
[. aml am2 
"'" alto ] 
• • " atom J 
is diagonally dominant, that is, there are positive constants Pi such that 
m 
piaii > ~=~ pjaij 
j= l ,  j~ i  
(its mathematical derivation will be given below). Thus, it implies that intraspecific competition 
is stronger than interspecific competition. 
Let us consider 
zi(n + 1) = ~x~(n) 
m bi" (2.'6) 
(1 -b  a i i x i (n )  -b ~ aij (vO" =b e) 
Set [ m )] 
~,~i~ _ 1 -  ~ :~j (v7 +~ 
0 j=l,  j~ i  
?~ i -~ 
aii 
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Due to (H3), one can restrict e small enough such that u ° > 0 for i = 1, . . . ,  m. Then by similar 
arguments as above, we see that u ° attracts all positive solutions of (2.6). It follows that the 
positive solution {(X l  (n ) , . . . ,  xm (n)) } satisfies 
xi(n) > u~ - e, for all large n ,  
which leads to 
x~(n + i) < Aixi(n) ))~,, m 
1 + a,,~,(n) + E '~,J (~o _ 
j= l , j¢ i  
for all large n. (2.7) 
Denote by v~ the unique positive steady state of the following model: 
x~(n+l)= Aix i (n )  ~ ))~'" 
j=l, j¢i 
In a similar way, we see that the positive solution {(x l (n) , . . . ,  xm(n) )}  satisfies 
o v~+~ v°+e, u i - e < x~(n)  < < 
for sufficiently large n. 
Continuing the above procedure, we can obtain sequences {u k } and {v k} such that 
0 1 1 < V/O_i_e, u i - e < u i - e < . . .  < x i (n )  < v k +e < . . .  < v i +e  
for all sufficiently large n, and they satisfy 
[ m )] 
,~V ~' - l -  E <,,~ @'; -~  
Vki+ 1 : j= l , j~ i  
aii [ m )] 
xV ~' - 1 -  E ~,, ("I +~ 
k j=l, j~i 
U i = 
aii 
By induction, we see that v~ and u k are continuous in e. If we set 
lim u~ 
E--~0 
it is easy to see that 
and 
u ° <_u: < ...<u~ <_~ <. . .<_~ <_~o 
v/k+ 1 = j=l,j#i 
ai4 
°,J l 
u~ = ,=l, j~ j 
aii 
(2.s) 
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Set 
It follows from (2.8) that 
lim U~ = Ui*, 
k--*c~ 
lim V/k = I f / * .  
k--*oo 
m 
* Z A1/bl aiiU~ + aijVj* = .-i - 1, i = 1 , . . . ,  m,  
j=l,  j¢ i  
V~* ~ ~llb~ aii i + a i jU ;  = -.i - 1, i = 1 , . . .  ,m,  
j= l , j# i  
(2.9) 
which implies that 
m 
a i i (U* -V i * ) -  Z a i j (U] -V3*)=O'  i= l , . . . ,m.  (2.10) 
j= l ,  j~ i  
We need to show that this linear system (unknowns are U* - V~*, i = 1 , . . . ,  m) admits a trivial 
solution. If we set p~ = (,~/b~ _ 1)/ai i ,  then (H3) is equivalent to BP > 0, where 
B = 
a l l  - -a12  . . . .  alrn 
- -a21  a22  . . . .  a2m 
--am1 --am2 " " • arnm 
and P = col(pt ,p2, . . .  ,Pro). This means that B is an M-matrix. It follows that B is invert- 
ible and there is a positive diagonal matrix D such that BD is positively diagonally dominant. 
Consequently, (2.10) admits a trivial solution, and therefore, Ui* = Vi* ~ x*, i = 1 , . . . ,  m. 
We show below that the positive solution {(x l (n) , . . . ,  Xm(n) )}  converges to (x~, x~ . . . .  ,Xm) 
as n --* co. Given ~ > 0, choose sufficiently large k such that 
. r/ . x,-g <y? 
Next, we restrict e small enough such that 
, r] k k r/ , 
Notice that the positive solution of (1.1) satisfies 
k ui - e < x i (n )  < v k + e, for all sufficiently large n. 
We conclude that 
x* - ~ < x i (n )  < x~ + 7, for all sufficiently large n. 
It follows that as n --* oo, x i (n )  ---* x*, i = 1 . . . . .  m.  Then by taking the limit in (1.1), we see 
that (x~, x~, . . . ,  x~) is a positive equilibrium of (1.1). Since the positive solution is chosen in an 
arbitrary way, we conclude that the positive equilibrium is globally attractive. 
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We show below that Assumptions (H1)-(H3) imply the positive equilibrium is asymptotically 
stable. Linearizing (1.1) at (x~,x~,... ,x*), we obtain 
t' 
m J lb la l j x~ Z (1 + a~x~ +.. .  + ~. ,z~)  b'+~ (n)'  
j=2 
: (2.11) 
am3 j - ammbmx~ 
um(n + 1) = J=~ u,~(n) m "~bm"l'l 
1 + E '~J : ; /  
j=i } 
m-1 AmbmamjX~n E (1 + amlx~ +- . -+  a~,~)  ~'~+~ ~'~('~)" j= l  
It can be rewritten as 
m 
~(n + 1) : x - b,a,x~ ~,(n) - x;b, y~ _~,j~j(n) i : 1, ,~. (2.12) 
1 + ~ a~z* j=l,~e~ 1 + a~z~ 
j= l  J 
Since B is an M-matrix, there are positive constants ci, i = 1,... ,m, such that c4aii > 
}--2~j=l,j¢i cja~j. Let us define Liapunov function V by 
V(n) = max {,ul(n), ,u2(n)l ,urn(n),} 
Cl C2 Cm 
Since b~ < 1, i = 1,... ,m, it follows from (2.12) that 
( m ) 
b~z* ciaii - ~ cjaij 
ci 1+ 2 a~jx; 
j=l 
Hence, the zero solution of (2.12) is asymptotically stable, so is the positive equilibrium of (1.1). 
Consequently, we can state our main result. 
TttEOrtEM 2.1. The positive equilibrium of (1.1) is globMly stable whenever (H1)-(H3) hold. 
EXAMPLE 1. Let  us  consider 
x i (n+l )= 
z2(n + i )= 
x3(n+l )= 
6xl(n) 
1 + 4xl(n) + x2(n) + za(n)' 
8x2(n) 
1 + xl(n) + 10x2(n) + x3(n)' 
4xa(n) 
1 + xl(n) + x2(n) + 12x3(n)" 
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It is easy to check that this model satisfies the conditions of Theorem 2.1. Therefore, it has a 
positive equilibrium which is globally stable. 
At this stage, we are interested in relaxing the restriction on bi. In order to keep the analysis 
tractable, we will only consider (1.1) with m = 2. 
x~(n + 1) = 
x2(n + 1) = 
~xl(n)  
[1 + allXl(n) -{-al2x2(n)] b~' 
A2x2(n) (2.13) 
[1 + a21xl(n) + a~x2(n)] b2" 
To be concise, we only consider the case where bl > 1 and b2 > 1. The case where bl > 1 and 
b2 < 1 or bl _~ 1 and b2 > 1 can be treated similarly. 
THEOREM 2.2. Let 
and let 
Suppose that 
and that 
Ai > l and bi > l, i=1,2,  
b i (1 -A : l /b ' )<2,  i=  1,2, 
a22(A~/b~-l) >a12(A~/b2-1),  
a11(A1/b2--1) >a21(A~/bt--1). 
(2.14) 
(2.15) 
a12a21 < bl alia21 
alia22 ~2 <~'at2a21 (2.16) 
1 Al(bl - 1) bl > O, 
1 A2(b2-1)  b2 >0,  
Al(bl - 1) b1-1 
> O, 
A2(b2 - 1) b2.1 
b~ 2 > O. 
anbl  - a2162 - ]bt - b2]a21 
a22b2 - al2bl - [bl - b2[a12 
(2.17) 
Then (2.13) has a positive equilibrium which is globally stable. 
REMARK. By Lemma 2, (2.14) ensures that each species will survive and tends to a positive 
equilibrium in the absence of the other species. Equation (2.15) means that competition matrix 
J ail 12 1 a21 a22 J
is diagonally dominant, i.e, the intraspecific ompetition is stronger than the interspecific om- 
petition. Equation (2.16) implies that a22all > a12a21. Thus, (2.16) presents a different ype of 
diagonally dominant condition of the competition matrix and limits the range of bl/b2. Equa- 
tion (2.17) holds if bl and b2 are near to 1 and all > a21, a22 > a12. 
EXAMPLE 2. Let us consider 
z l (n+ 1) = 4xl(n) 
1 + 5xl(n) + z2(n)' 
x2(n + 1) = 3x2(n) 
1 + 2xl(n) + 6x2(n)" 
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It is easy to verify that this model satisfies the conditions of Theorem 2.2. Hence, it has a positive 
equilibrium which is globally stable. 
PROOF OF THEOREM 2.2. By direct calculations, wesee that (2.14) and (2.15) imply that (2.13) 
admits a unique positive equilibrium, which is denoted by (x~,x~). We show below that it is 
globally stable under the assumptions of this theorem. I t  is easy to see that 5c~ = (A~/b~ - 1)/a~ 
is the unique positive equilibrium of the following equation: 
zi(n T 1) --- Aixi(n) [1 + ~(~) ] " "  (2.18) 
By Lemma 2.1, equation (2.14) implies that the positive equilibrium is globally stable. Then, 
Theorem 2.12 in [15] together with (2.15) imply that (2.13) is uniformly persistent, hat is, there 
is a positive constant ~/ > 0 such that any positive solution {(xl(n),x2(n)} of (2.13) satisfies 
liminf~_.oo xi(n) >_ 7}, i --- 1,2. 
Set f (x)  -- (Ax/(1 + ax)b), where A, a, and b are positive constants with b > 1. It is easy to 
see that the maximum of f is 
A(b - 1) b-1 
ab b 
Since 
it follows that 
xi(n + 1) < 
~x~(n) 
[1 + a~x~(n)]~, ' 
Ai(b~ - 1) b'-I 
xi(n) < a~b~ - ~.  (2.19) 
Let (~1 (n), ~2(n)) be a positive solution of (2.13). Set ui(n) = xi(n) -~(n) ,  i = 1,2. We have 
xl(n) ~l(n) 
u l (n+ 1) A1 (1 + al lx l(n) +a12z2(u)) bl - (1 +all~.l(n) + als~s(n)) bl ' 
z2(u) e2(~) 
u2(n + 1) = As (1 + a21xl(n) + a22x2(n)) b2 - (1 + a21~l(n) + a22~22(n)) b2
By collecting its linear part, we obtain 
ul(n + 1) A1 (1 + a12~s(n) - a l l (b1-  1):~l(n)) 
Ala12blYcl(n) 
- (1 + all:~l(n) + a12~,2(n)) b2+lu2(n) + .fl (n, ul(n),u2(n)),  
A2a21b2~22(n) (2.20) 
- _ b~+lU~(n)  
- u2(n + 1) ---- (1 + asl:~l(n) + assx2(n)) 
+ A2 (1 + a21~l(n) - a22(b2 - 1):~2(n)) 
-- - ~ -----~_ -- ~ us(n) + fs (n, ul(n),u2(n)),  
(1 + aSlxl(n) + a22x2(n)) 
where function fi, i = 1, 2, satisfies ]f~(n, ut, u2)]/(lUl] + lu2]) --~ 0 as ]u~] + lusl ---* O. 
Since (~(n) ,  ~2(n)) is the positive solution of (2.13), it follows from (2.20) that 
~(~ + ~) = ~l(n + 1) (1 + ~2~2(~) - aH(~l - 1)~(n))  u~(n)  
1 + ~1(~)  + ~lS~S(~) ~(~) 
a12b1~Cl(n + 1) , 
- 1 + a11:~(n) -{- a12"22(n) u2(n) -t- f l  (n, ul(n),u2(n)),  
u2(n+ 1) = 
a21b2xs(n + 1) 
1 + a21~l(n) + as2~2(n) ul(nz ~ 
(2.21) 
5:2(n + 1) (1 + a215:1(n) - a22(b2 - 1)~2(n)) u2(n) 
+ 1 +a21~l(n) +a22~2(n) ~s(n----5 ÷f2(n 'u l (n ) 'u2(n) ) "  
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Let us define Liapunov function V by 
2  j(n) 
= . 
j-----1 
Notice that (2.17) and (2.19) imply that 
1 + a12:~2(n) -- a l l  (bl - 1);~l(n) > 0, 
1 q- a21xl(n) - a22 (b2 - 1) :~2(u) > 0, 
for n > 1. Calculating the difference of V along the solutions of (2.21), we have 
(a11615h(n)  a21b2iCl(n) ) ] Ul(r~) 
AV <_ - 1 -[- a11ff:l(n) + a12~2(n) - 1 + a21~l(n) + a22x2(n) ~l(n) 
_ (  a22b2x,2(n) a12blX2(n) ) u2(n) 
1 + a21Zl(n) + a22~2(n) 1 q- a115~1 (u) -~ a12~2(n) ~2(n) 
2 f j  
+ + 1) j=l  
By (2.16), (2.17), and (2.19), we see that there is positive constant c such that 
AV< -a  ul (n) u2(n) ~-.~[fj (n, ul(n), u2(n)) I
- - c +- - I  + 1) I " 
j----1 
Since (2.13) is permanent and Ifi(n, Ul, u2)l/(lul[+ lu2I) -~ 0 as lull + lu21 -~ o, it follows that 
the zero solution of (2.21) is asymptotically stable. Hence, the positive solution (:Zl(n), x2(n)) 
of (2.13) is asymptotically stable. Note that the positive solution is chosen in an arbitrary way. 
Proceeding exactly as in [12], we conclude that the positive equilibrium (x~,x~) of (2.13) is 
globally stable. The proof is complete. 
3. CONCLUDING REMARKS 
In this paper, we have obtained sufficient conditions under which the positive equilibrium of 
Hassell's competition model is globally stable. Theorem 2.1 indicates that the positive equilib- 
rium of the model is globally stable if the competition matrix is diagonally dominant and the 
constants defining the intraspecific ompetition are less than or equal to 1. Theorem 2.2 relaxes 
the restriction on the constants defining the intraspecific ompetition, but is only applicable to 
the two-dimensional model and imposes more restriction on the competition matrix. Our results 
generalize the studies of paper [14] where the two-dimensional model was proposed and the local 
stability of its positive equilibrium was analyzed. Since our results can be viewed as the condi- 
tions for the coexistence of the competing species from the point of view of global stability, they 
are complementary to the studies of Franke and Yakubu in [4-7] where the conditions for mutual 
exclusion of competing species were established. 
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